Based on two different approaches, the B-spline-based K-matrix method and the eigenchannel R-matrix method, we present a detailed theoretical study on the photoionization from the ground and bound excited s s S 1 2 1 and s p P 1 2 1 states of an Li + ion to continua between the N=2 and N=3 thresholds, dominated by overlapping doubly excited resonance series embedded in multiple singly ionized channels. The nearly identical theoretical spectra from these two different calculations, together with the excellent agreement between the length and velocity results, suggests that our study has successfully led to a reliable estimate of the Li + photoionization spectra. In addition to identifying all overlapping doubly excited autoionization series, our calculated spectrum is in good agreement with the only observed data for two broad resonances. Our study has also shown that the strong interaction between neighboring resonances from different resonance series, which is responsible for the level crossing for in the He atom, is substantially smaller due to a stronger nuclear attraction to atomic electrons for the twoelectron ions.
Introduction
We have recently studied in detailed the interactions between multiple overlapping doubly excited resonance series of the 1 
S and
1 D converging to the degenerate s 3 , p 3 , and d 3 thresholds corresponding to the principle quantum number N=3 for He atom based on the theoretical spectra for photoionization from the bound excited s p 1 2 1 P state [1] . In particular, our investigation has shown the presence of a somewhat unexpected level crossing between two strongly interacting doubly excited resonances series, both for the 1 S and 1 D symmetries. These level crossings could be attributed to the fact that for a two-electron atomic system, the doubly excited resonance series above the first ionization threshold are difficult to classify in terms of the usual LS coupling, with a single pair of electronic configuration of two one-electron orbital angular quantum numbers ℓ ℓ 1 2 , due to the presence of the degenerate higher ionization thresholds with N 1 > (i.e., s 2 and p 2 for N=2 and s 3 , p 3 , and d 3 for N=3). Instead, they are classified by the KT coupling in terms of a set of correlated quantum numbers (K T , , and A) in the form of K T
, n A ( ) [2] . It would be interesting to find out if such level crossing is a general property as a result of the presence of the N 1 > degenerate thresholds of a two-electron system. Experimentally, the photoionization of other two-electron system, beyond the neutral He atom, was investigated about a decade ago [3] for Li + ion from its ground state at photon energies up to 185 eV below the N=3 ionization threshold, using the photon-ion merged-beam at APL (Advanced Light Source) following a few earlier observations [4, 5] . The observed 1 P spectra below the N=2 ionization threshold were already well categorized by the theory. Above the N=2 threshold, however, only two of the dominating 1 P resonances, 1, 1 3 3 + ( ) and 1, 1 3 4 + ( ) with KT classification, were resolved among the five expected 1 P resonances series. The observed energies and widths of these two relatively broad resonances are in good agreement with the existing theoretical results [6, 7] . All of the five resonances series were identified theoretically in a detailed complex-rotation calculation [6] , although no energy spectrum was available.
Similar to our recent study on He, we present in this paper the theoretical investigation of the overlapping 1 S and 1 D doubly excited resonance series embedded in multiple ionization channels of the photoionization spectra of Li + ions from the bound excited s p P 1 2 1 state. We will first show the well-resolved three 1 S and six 1 D doubly excited resonance series between the N=2 and N=3 thresholds. In addition, we present in details the spectra for the five 1 P resonance series from the ground and the metastable s s S 1 2 1 state, again, between the N=2 and N=3 ionization thresholds. In particular, we look for the level crossing, if any, similar to those we identified from the He photoionization spectra by examining the partial cross sections into all ionization channels and if it could be linked to the strong interaction between the neighboring resonance series.
Our theoretical spectra are derived from two distinctive theoretical approaches, the B-spline-based K-matrix method (BSK) [8, 9] and the eigenchannel R-matrix method (ECR) [10, 11] , same as those applied in our recent study on He atom. The overall agreement is excellent between these two calculations over an extended energy region, which we will show in section 3. The agreement between the length and velocity results to better than 1% from both calculations further supports the quantitative reliability of our theoretical study. It is our hope that this study will offer the necessary impetus and the challenge to renew the experimental interest with the substantial improvement in energy resolution as well as the more intense light source over a greater spectral region during the past decade.
We will review briefly some of the key elements of the BSK and ECR approaches in section 2 and point out how to identify each of the doubly excited resonance through the energy variation of the sum of the eigenphase shifts over the contributing eigenchannels. In section 3, we will present the results and the discussion of our calculated energy spectra for the three 1 S, the five 1 P, and the six 1 D resonance series between the N=2 and N=3 ionization thresholds.
Theoretical approaches
As we pointed out earlier that two distinctive theoretical approaches, the BSK method [8, 9] and the ECR method [10, 11] , are employed in the present study. For ionization into multiple ionization channels, both approaches rely on the use of eigenchannels, similar to the normal modes of a complex system, for the dynamics of the physical processes. We should reiterate that the eigenchannels are intimately related to the dynamics of the atomic process, but, they do not represent directly the individual atomic states. Although the detailed formulation and the computation procedures are very different from those two approaches, the resulting energy spectra as shown in section 3 are in excellent agreement with each other. In this section, we review only briefly the basics of the BSK and ECR approaches.
BSK method
Starting from an earlier B-spline-based configuration interaction method (BSCI) [8] for single ionization channel and similar to the usual K-matrix approaches [12, 13] , a BSK method for the multi-channel photoionization was first proposed by Fang and Chang [9] . In essence, an eigenchannel Γ at a total energy E is expressed by a linear combination of all individual open channel wavefunctions
where the eigenstate E G ñ | satisfies the orthonormality relation
The eigenphase shift h G and the transformation matrix U E o g G ( ) are obtained by diagonalizing the on the energy shell K-matrix, i.e.,
The K-matrix is expressed as a set of coupled integral equations given explicitly by equation (11) in [9] . The sum of h G over all eigenchannels, i.e., tot h h = å G , increases by a total of π as the energy increases across an isolated resonance. Following the well established procedure in atomic structure calculation, the width of a resonance can be derived from the energy variation of tot h [14] . We should point out that all interactions between where the effective oscillator strengths f I g from an initial state I, corresponding to length and velocity approximations are given explicitly by equations (22) and (23) in [9] , respectively. The total photoionization cross section tot s is thus given by the sum of the partial cross sections over all open channels, i.e., tot s s = å g g .
ECR method
By separating the configuration space into subregions with a judicial choice of appropriate wave functions for the core and outer regions connected at their common boundary r r o = , the R-matrix approach has managed successfully in treating many of the dynamic processes in atomic physics [15] [16] [17] [18] . More recently, Gao and Li have extended the nonrelativistic and relativistic versions of the ECR approaches from the earlier versions of the Breit-Paul [16] and Dirac R-matrix [17] codes into what are referred to as the R-eigen [10] and R-R-eigen [11] codes, respectively. For the R-eigen code, the one-particle Hamiltonian is nonrelativistic with or without the Breit-Pauli terms, whereas the one-particle relativistic Dirac-Coulomb Hamiltonian is applied for the R-R-eigen code. The physical parameters associated with the multichannel quantum defect theory (MQDT) are first calculated from the scattering matrices in ECR approach for both the discrete and continuous energy levels and the physical quantities of interest are then derived from the MQDT procedure [19] [20] [21] [22] .
At an energy E, only a finite number (i n p  ) of physically allowed ionized channels, known as the physical channels, contribute directly to the spectral structure. All other contributing channels ( j n p > ) with higher core states energy are called the computational channels. The reaction matrix K(E) is calculated with the standing-wave expressions for the eigenchannel wave function E i Y ( ) on the boundary of the reaction zone, i.e., at r r
where i and j are the channel indices. For the physical channel, the N-electron target-state core wave function i F is combined with the angular and spin parts of the wave function of the N 1 th + ( ) electron in the ith channel and the corresponding regular and irregular Coulomb wave functions, f r E , i (
) and g r E , i ( ), which are modified by the appropriate long-range polarization interactions that cover the entire set of one-electron orbitals, with both negative and positive energy [19] . For the computational channels j n p > , with the core state j F at higher energy, the corresponding radial wave functions j Q of the N 1 th + ( ) electron should have fairly negative orbital energies and exponentially decaying radial wave function with negligible magnitude at r r
. By including sufficient number of computational channels in the ECR calculation, we are able to take into account adequately the electron correlations in our calculation.
Following the details presented earlier [1, [18] [19] [20] [21] and similar to the K-matrix in equation (3), the short-range reaction matrix with total angular momentum J is expressed by
in terms of the smoothly varying eigenchannel parameters in energy, i.e., eigen-quantum defect n a and the n n p ṕ orthogonal transformation matrix U ja . The state functions are then expressed as the linear combination of eigenchannel wavefunctions E y a ( ), i.e.,
where A a is the mixing coefficient and determined by the asymptotic boundary conditions. We shall refer to some of the previous works [1, 10, 11, 19] for detailed computational procedure leading to the calculated spectra.
Results and discussions
The 1 P spectra originated from the ground state of Li + below the N=2 ionization threshold are already very well characterized in [3] and since the results of our calculation are in good agreement with those earlier results, we do not repeat in this paper the same spectra from the current calculation. Instead, similar to our recent study on the overlapping resonance series for He atom, we will first focus on the spectra from the bound excited s p P 1 2 1 state to all overlapping 1 S and 1 D resonance series, respectively, between the N=2 and N=3 ionization thresholds. In particular, we examine if there is any level crossing between the members of the overlapping resonance series such as the ones for the He atom we discussed recently [1] . Our discussion will continue with the spectra from the ground state and the s s S 1 2 1 bound excited state of the Li + ion to all overlapping 1 P resonances series between the N=2 and N=3 thresholds. Comparison with the limited experimental data will be presented. The width of the resonance in the present calculations, as we pointed out earlier, is derived from the energy variation of tot h . We will compare in our subsequent discussion the individual resonance width between our calculation and other earlier calculations [3, 6] .
In addition, similar to what we did in [1] , by examining in details the state function of each resonance, as it migrates along the resonance series, we are able to check the detailed characteristics of each individual resonance to assure its proper assignment in terms of the probability densities corresponding to the contributing electronic configurations. We will also look into the question if there is strong interaction between closely located neighboring resonances from different resonance series like the ones discussed in [1] and in particularly if there are level crossings between members of the overlapping resonance series and how it is affected by the strong correlation, if any. Figure 1 presents the photoionization spectrum for the first few 1 D resonances above the N=2 ionization threshold. It is clear that not only the spectra from the BSK calculation (top plot) and the ECR calculation (bottom plot) are in excellent agreement, the length and velocity results in both calculations are also in good agreement. To facilitate our discussion, we have labeled the six overlapping resonance series as A 2, 0 n n
. On the energy scale shown in figure 1 , the resonance A 4 and D 4 appears to be nearly degenerate. However, as shown in figure 2 with an enlarged energy scale, this pair of resonances are in fact well separated. It is also shown those two resonances are well separated in their respective partial cross sections into the dominating s d 2  and p p 2  ionization channels. A detailed examination of the probability densities from the contributing electronic configurations in our BSK calculation shows that these two resonances do not correlate strongly like the one we have shown for He in figures 3 and 4 of [1] . At higher energies shown in figure 3 , the resonances D 5 and D 6 are both well separated from their respective neighboring resonances A 5 and A 6 . Unlike what we found for He, there is no level crossing such as the one shown in figure 3 of [1] . In fact, all six overlapping doubly excited 1 D autoionization series are well separated and the general features of each resonance series appear to be similar as energy increases. Table 1 compares our calculated effective quantum number n * against the N=3 threshold and the widths of all 1 D resonance series with the ones from the complex-rotation calculation. We should note that with substantial cancellations from large number of contributing terms, the calculated widths are typically accurate to about 4 to 5 digits. As a result, with the widths as small as 10 −5 Ry, the agreement between these two fairly different calculations is satisfactory.
For the 1 S continua, there are only three resonance series, i.e., A 2, 0 channel, indicate that, in spite of the level crossing between these two resonance series, they are actually well separated. A detailed examination of the probability densities from the contributing electronic configurations in our BSK calculation also shows that these two resonances do not correlate strongly like the one we have shown for He in figure 7 of [1] . It is interesting to note that a straightforward extension of the current calculation to Be +2 shows that there is no longer the level crossing between the A n and C n resonance series such as the ones we have identified for He and Li 
(
) resonance series with n=3 and 4 are resolved in the photo-ionized spectra between the N=2 and N=3 thresholds from the ground state of Li + ion [3] . The top plot of figure 6 presents our theoretical spectrum of the first five resonances above the N=2 threshold from the Li + ground state. Similarly, we have labeled the five overlapping resonance series as A 1, 1 ones shown in figure 6 of [3] . In addition, we compares our calculated spectra with the observed ones from [3] in figure 7 . The slight difference between the peak cross sections of all three theoretical calculations and the observed one may be partly due to the 20% experimental uncertainty and also from the choice of normalizing the observed spectra to the less elaborate theoretical background calculation in the absence of any resonances. Our theoretical spectrum also shows an additional resonance D 4 on the shoulder of the higher energy side of A 4 , which was not shown in the convoluted spectrum, nor in the experimental spectrum in [3] . A more detailed spectrum with enlarged energy scale from the bottom plot of figure 6 shows that the pair of resonances A 4 and D 4 are well separated and are both dominated by their respective partial cross section into the s p 1  ionization channel. As the resonance series migrate to higher energies, similar to what we have shown for the 1 S and 1 D continua, all five resonance series follow their respective similar general features and are all very well separated as shown in figure 8 . We do not find strong correlation between members from different resonance series either. Figure 9 presents our calculated photo-ionized spectra from the metastable s s S 1 2 1 state of Li + . The resonance series B n , with more substantial overlap between the initial and final continua, becomes as dominant as the broader A n series. Again, as expected, all resonance series follow their respective general D resonance series, our calculated effective quantum number n * and the widths for all five 1 P resonance series are in satisfactory agreement with the ones from the complex-rotation calculation shown in table 3. The slight difference in the calculated widths of resonances A 3 and A 4 between our calculation and that from [3, 6] may be attributed to the contributions from the multiple continua which are included explicitly in the present calculation whereas such contributions are indirectly represented in the earlier calculations by optimized local orbitals.
Conclusions
With essentially identical results between the BSK and ECR calculations, we present in this paper a reliable theoretical estimate of the photoionization spectra from the ground and the bound excited s s S 1 2 1 and s p P 1 2 1 states of Li + to the continua with multiple ionization channels between the N=2 and N=3 ionization thresholds. Unlike the chargeneutral He atom, which we studied in detail earlier [1] , the degenerate ionization thresholds of the heavier two-electron atomic systems do not lead to strong correlations between neighboring resonances and, in turn, could not be linked directly to the only level crossing between the C 3 and A S 4 1 resonances identified between resonance series for Li + , nor the lack of such level crossing for Be 2+ in the present study. However, a detailed examination of the state functions of individual doubly excited resonance shows that all resonances are still characterized by a large number of two-electron orbits corresponding to electron configurations with multiple ℓ ℓ 1 2 combinations. This is very different from the doubly excited resonances from atomic systems which do not have degenerate ionization threshold where the doubly excited resonances are generally characterized by the LS coupling corresponding to dominating electronic configurations with a single ℓ ℓ 1 2 combination. As a result, even with a fairly weak interaction between neighboring resonances, it remains essential that all resonance series for all two-electron ions be classified in terms of the set of correlated quantum numbers (K T , , and A) in the form of K T , n A ( ) , such as the one for the He atom due to the degenerate ionization thresholds. With all the resonances clearly identified, our study offers an interesting challenge for further experimental observation with higher energy resolution. 
